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Diluted Bose gas I

In the GP equation, it describes
diluted bose gas, Let us recap the
definition of diluted gas.

1 weak interaction between the
atoms.

2 the thermal wavelength is larger
than the effective interaction
distance.

3 the density of the atom is low.

Because the thermal wavelength is
larger than the interaction distance,
we consider the two bodies
interaction as low energy scatter,
then using the S wave theory in
quantum scattering to describe the
properties diluted gas system.

Figure: Lennard-Jones potential
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Diluted Bose gas II

1 At temperatures ≥ Tc (top),
the separation d between
particles is much greater than
their size and atoms can be
treated as point particles.

2 As the sample is cooled
(middle), the wave nature of the
particles becomes more
apparent. At T ≈ Tc ,

3 and a condensate forms
(bottom).
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Low energy scatter theory

Let us consider a two-body system with interaction, we use the center of
mass and relative coordinate to describe the Hamiltonian:

Ĥ =
ˆ⃗p21
2m1

+
ˆ⃗p22
2m2

+ V (|r⃗1 − r⃗2|) =
p⃗2cm
2M

+
p⃗2rel
2mµ

+ V (|r⃗rel |) (3)

where ˆ⃗pα, r⃗α (α = 1, 2) are momentum and position on the lab frame.
M = m1 +m2 is total mass, mµ = m1m2

m1+m2
is reduced mass. ˆ⃗pβ, r⃗rel

(β = cm, rel) is momentum and position in central or relative coordinate.
After coordinate transform, the stationary equation is
ĤΨ(r⃗cm, r⃗rel) = EΨ(r⃗cm, r⃗β) we can do the separation variables on
Ψ(r⃗cm, r⃗rel) = ϕ(r⃗cm)ψ(r⃗rel). Hence, we treat the two-body problems to
simplify to a single particle on the potential problem. where
E = Erel + Ecm. [

p⃗2rel
2mµ

+ V (|r⃗rel |)
]
ψ(r⃗rel) = Erelψ(r⃗rel) (4a)[

p⃗2cm
2M

]
ϕ(r⃗cm) = Ecmϕ(r⃗cm) (4b)
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Partial wave in low energy scatter theory I

1 we reduce the scattering
amplitude to a single number
with the scattering length:
lim

k⃗→0
f (k⃗ , r⃗) = −a.

2 In Region II, we use the
spherical harmonic (l=0, s
wave) function expand wave
function: ψr⃗ ≈ Y0,0R(r⃗), where
R(r⃗) = uk(r⃗)/r .

Figure: scattering process. In region
I(incident region), we set the matter
wave like a plane wave, it is described by
ψin = e i p⃗·⃗r . In region II(scattering
region), two-particle is scattering, and
the scattering wave (spherical wave) is

given by ψsc = f (k⃗, r⃗) e
i p⃗·⃗r

r . In region III
(after scattering), it is a superposition of
the ψin + ψsc .
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Partial wave in low energy scatter theory II

The radius part is given by[
∂2

∂r2
+ k2 − 2mµV (r)

ℏ2

]
uk(r) = 0 (5)

In the following, we are solving the equation for the two kind of potentials
to approach further insight into the Lennard-Jones potential. The only
constraint is that the uk(r) must be vanished on r → 0 because of
VLJ(r → 0) → ∞.

Vbarrier (x) =

{
V0 > 0, r < b,

0, r > b.
Vwell(x) =

{
−V0 < 0, r < b,

0, r > b.
(6)
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Solving partial wave I

1 r > b, k → 0 : ∂2r u(r) = 0, then
u(r) = χ(r − a) in the barrier
potential.

2 r < b, k → 0 : ∂2r u(r) = κ2u(r),
where κ2 = 2mV0/ℏ2 then
u(r) = ξ sinh(κr) in the barrier
potential. we take the odd
function because of
uk(r → 0) → 0.

3 Makes the wave function
smoothly at the connection
point. it means
u(k = rl) = u(r = br ) and
u′(r = bl) = u′(r = br ). This
condition leads to
a = b − tanh(κb)/κ.

1 r > b, k → 0 : ∂2r u(r) = 0, then
u(r) = χ(r − a) in the well
potential.

2 r < b, k → 0 :
∂2r u(r) = −κ2u(r), where
κ2 = 2mV0/ℏ2 then
u(r) = ξ sin(κr) in the well
potential. we take the odd
function because of
uk(r → 0) → 0.

3 Makes the wave function
smoothly at the connection point.
it means u(k = rl) = u(r = br )
and u′(r = bl) = u′(r = br ). This
condition lead to
a = b − tan(κb)/κ.
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Solving partial wave II

Figure: Repulsive potential lead to the
positive value of the scattering length a.
We can see that the small potential
depth κ, a tends to zero. i.g: if V0 is
zero, then two-particle is not interaction
so a must be zero.

Figure: Attractive potential makes the
negative value of scattering length a.
The a is smaller than 0 in this case.
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Solving partial wave III

Figure: Evolution of the
scattering length a of a repulsive
barrier potential as a function of
the depth κ by fixing b. In this
case, the scattering length is an
increasing function.

Figure: Evolution of the scattering length a of an
attractive barrier potential as a function of the
depth κ by fixing b. There is some interesting
points that we figure out. One is bκ = π/2, the
a goes through a resonance such that the value
of a from −∞ to ∞, the other is each point of
bκ = (n + 1/2)π, a new bound state will be
added in the square well. Now we know a can be
positive (repulsive) and negative(attractive) in
attractive potential, depending on the how depth
of the attractive potential.
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Pseudo potential I

In BEC problem, we don’t need to deal with the L-J potential because the
L-J potential can give the crystal structure, there is no crystal structure in
the BEC system, the better way is that use a pseudo potential to
approximate the L-J potential to avoid the crystal structure. We construct
the pseudo potential Vp(r) with the same scattering length a as the L-J
potential VL−J(r). We deal with the scattering problem so we ignore the
bound state part in the VL−J(r). In the repulsive barrier potential, we
have the scattering solution at region r ∈ (b,∞):

u(r) = χ(r − a) → R(r) = χ(1− a/r) (7)

We hope the pseudo potential exist the property Vp(r) = pδ(r) because of
VL−J(r → 0) = ∞, where p is function of scattering length a. How do we
find the radius part of wave function exact form? we use the following
trick:
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Pseudo potential II

∂ru(r) = ∂r (rR(r)) = χ, ∇2(1/r) = −4πδ(r) (8)

We plug (7) of R(r) in the Schrodinger equation of radius part:

∇2R(r) = 4πaχδ(r) = 4πaδ(r)∂r (rR(r)) (9)

We count the left of (9) the result is ∇2R(r) = u′′(r)/r and right part
4πaδ(r)∂ru(r), then the (9) can be rewritten as:

u′′(r)− 4πarδ(r)∂ru(r) = 0 (10)

Using the r∂ru(r) = rχ ≈ (∂r r)ur = χ(r − a), where r ∈ (b,+∞), b ≫ a[
∂2r − 4πaδ(r)

]
u(r) = 0 (11)

Compare (11) with (5) at k → 0, we have Vp(r) =
4πℏ2a
2mµ

δ(r).
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Meanfield Theory I

We defined the single particle state ϕki (r⃗i ) with the normalization
condition:

∫
|ϕki (r⃗i )|

2 d3ri = 1, we use the Hatree Fork approximation to
describe the BEC system with the Hamiltonian:

Ĥ =
N∑
i=1

p⃗2i
2mi

+ V (r⃗i ) + U0

N∑
i<j

δ(r⃗i − r⃗j) (12)

where U0 =
4πℏ2a
2mµ

, obviously, we need create a many-body ground wave
function by the tensor product state with single body wave function.

Ψ(r⃗1, r⃗2...r⃗N) = ΠN
i=1ϕ(r⃗i ) (13)

The many-body wave function also respect to the normalization
condition:

∫
|Ψ(r⃗1, r⃗2...r⃗N)|2dr⃗1...dr⃗N = N. We assume that the ground

state wave function can be replaced by
Ψ(r⃗1, r⃗2...r⃗N) =

√
NΠN

i=1ϕ(r⃗i ) =
√
Nϕ(R⃗).
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Meanfield Theory II

E = N
N∑
i=1

ΠN
q=1

∫
d3rqϕ

∗(r⃗q)

[
p⃗2i
2mi

+ V (r⃗i )

]
ϕ(r⃗q)

+ N2U0Π
N
n=1Π

N
m=1

N∑
i<j

∫ ∫
d3rnd

3rmϕ
∗(r⃗n)ϕ

∗(r⃗m)δ(r⃗i − r⃗j)ϕ(r⃗n)ϕ(r⃗m)

= NΠN
q=1

∫
d3rqϕ

∗(r⃗q)

[
p⃗2q
2mq

+ V (r⃗q)

]
ϕ(r⃗q)

+
1

2
N2

N∑
i ̸=j

N∑
j ̸=i

ΠN
n=1Π

N
m=1

∫ ∫
d3rnd

3rmϕ
∗(r⃗n)ϕ

∗(r⃗m)δ(r⃗i − r⃗j)ϕ(r⃗n)ϕ(r⃗m)

= NΠN
q=1

∫
d3rqϕ

∗(r⃗q)

[
p⃗2q
2mq

+ V (r⃗q)

]
ϕ(r⃗q)

+
1

2
N2ΠN

n=1Π
N
m=1

∫ ∫
d3rnd

3rmϕ
∗(r⃗n)ϕ

∗(r⃗m)δ(r⃗n − r⃗m)ϕ(r⃗n)ϕ(r⃗m)

= NΠN
q=1

∫
d3rqϕ

∗(r⃗q)

[
p⃗2q
2mq

+ V (r⃗q)

]
ϕ(r⃗q) +

1

2
N2ΠN

n=1

∫
d3rnϕ

∗(r⃗n)ϕ
∗(r⃗n)ϕ(r⃗n)ϕ(r⃗n)

= NΠN
q=1

∫
d3rq

[
ℏ2

2mq
[∇qϕ(r⃗q)]

2 + V (r⃗q) [ϕ(r⃗q)]
2 +

1

2
NU0 [ϕ(r⃗q)]

4

]
= N

∫
d3R

[
ℏ2

2m

[
∇ϕ(R⃗)

]2
+ V (R⃗)

[
ϕ(R⃗)

]2
+

1

2
NU0

[
ϕ(R⃗)

]4]

(14)
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Meanfield Theory III

In last two equations of (14), the ϕ(r⃗q) = ϕ(r⃗n) because the position rq, rn
is dummy variables in the meanfield approximation, we can remove the
subscripts q.
Once we have the Engergy function, doing the Variation method on this
functional to find the equation of motion. This method also called
minimizing energy functional, it satisfy the equilibrium state in
theomodynamics. I give a time-independent case with the constraint :∫
d3R

∣∣∣ϕ(R⃗)∣∣∣2 = 1, then the total functional:

X (ϕ∗, ϕ) = E (ϕ∗, ϕ)− µN

∫
d3R

∣∣∣ϕ(R⃗)∣∣∣2 (15)

where µ is Lagrangian multiplier(chemical potential). we treat δX = 0
with two independent variables ϕ and ϕ∗.
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Gross–Pitaevskii equation I

For the convenience of calculation, we replace
[
R⃗2

2m + V (R⃗)
]
to Hs Now

we find the δX :

δX = N
∫
d3R

(
δϕ∗(Hs − µ)ϕ+ ϕ∗(Hs − µ)δϕ+ NU0(|ϕ|2 ϕδϕ+ |ϕ∗|2 ϕδϕ∗)

)
= 0

(16)
Then we have complex conjugate equations of motion:[

− ℏ2

2m
∇2 + V (R⃗) + NU0 |ϕ(r⃗)|2

]
ϕ(R⃗) = µϕ(R⃗) (17a)

ϕ∗(R⃗)

[
− ℏ2

2m
∇2 + V (R⃗) + NU0

∣∣∣ϕ(R⃗)∣∣∣2] = ϕ∗(R⃗)µ (17b)
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Gross–Pitaevskii equation II

Let us consider the time-dependent ϕ(R, t), We know the schrodinger
equation of many body system as:

iℏ
∂

∂t
Ψ(r⃗1, r⃗2...r⃗N , t) = ĤΨ(r⃗1, r⃗2...r⃗N , t) (18)

Then, we construct the Lagrangian density functional as:

L = Ψ∗(iℏ
∂

∂t
− Ĥ)Ψ∗ (19)

The full form of Lagrangian density is :

L = ϕ∗(iℏ
∂

∂t
− Hs −

1

2
NU0 |ϕ|2)ϕ∗ (20)

This Lagrangian density lead to equation of motion is given by

iℏ
∂

∂t
ϕ =

[
− ℏ2

2m
∇2 + V (r⃗) + NU0

∣∣∣ϕ(R⃗)∣∣∣2]ϕ(R⃗) (21)
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Gross–Pitaevskii equation III

Now, we need to deal with the two species (A and B) coupled GP
equations, We can write down total Hamiltonian intuitively.

Ĥ =

NA∑
i=1

p⃗2i ,A
2mi

+ VA(r⃗i ,A) + UA

NA∑
i<j

δ(r⃗i ,A − r⃗j ,A)

+

NB∑
k=1

p⃗2i ,B
2mk,B

+ VB(r⃗k,B) + UB

NB∑
k<l

δ(r⃗k,B − r⃗l ,B) + UAB

NA,NB∑
i<k

δ(r⃗i ,A − r⃗k,B)

(22)

where Uα = 4πℏ2aα
2mµ,α

, α = A,B,AB. We just do the variational method on

the Hamiltonian (22) with two constraints:
∫
d3Rα

∣∣∣ϕ(R⃗α)
∣∣∣2 = 1 where

α = A,B. then we have coupled GP equations:[
− ℏ2

2mA
∇2

A + VA(R⃗) + NAUA

∣∣∣ϕA(R⃗)∣∣∣2 + NBUAB |ϕB(r⃗)|2
]
ϕA(r⃗) = µAϕA(R⃗) (23a)[

− ℏ2
2mB

∇2
B + VB(R⃗) + NBUB

∣∣∣ϕB(R⃗)∣∣∣2 + NAUAB

∣∣∣ϕA(R⃗)∣∣∣2]ϕB(R⃗) = µBϕB(R⃗) (23b)
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Two species GP equation

For two spices coupled GP equation in cylindrical coordinate:

[
ℏ2
2mA

∇2
A + 1

2mA(ω
2
A,r r

2 + ω2
A,zz

2) + 4πℏ2aANA
mA

|ψA(r , z)|2 + mA+mB
mAmB

2πℏ2aABNB |ψB(r , z)|2
]
ψA(r , z) = iℏ ∂

∂tψA(r , z)

(24a)[
ℏ2

2mB
∇2

B + 1
2mB(ω

2
B,r r

2 + ω2
B,zz

2) + 4πℏ2aBNB
mB

|ψB(r , z)|2 + mA+mB
mAmB

2πℏ2aABNA|ψA(r , z)|2
]
ψB(r , z) = iℏ ∂

∂tψB(r , z)

(24b)

We need to find the ground state of these coupled differential equations.
Let us remove the unit(dimension) first. For detail, I will show it step by
step.

Remove the energy dimension by divided by ℏωA,r in (24a) and (24b)

Setting the unit length : ℏ
2mAωA,r

:= l2 to remove dimension of aA,

aB , aAB and ψi

define the dimensionless constants κi , λi , Gi and Gi ,j to get the
dimensionless coupled equations of (24a) and (24b).
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Remove dimension of coupled GP equations

[
ℏ

2mAωA,r
∇2

A + 1
2mA(

ωA,r

ℏ r2 +
ω2
A,z

ℏωA,r
z2) + 4πℏaANA

mAωA,r
|ψA(r , z)|2 + mA+mB

mAmBωA,r
2πℏaABNB |ψB(r , z)|2

]
ψA(r , z) = i ∂

ωA,r∂t
ψA(r , z)

(25a)[
ℏmA

2mBmAωA,r
∇2

B + 1
2mB(

ω2
B,r

ℏωA,r
r2 +

ω2
B,z

ℏωA,r
z2) + 4πℏaBNB

mBωA,r
|ψB(r , z)|2 + mA+mB

mAmBωA,r
2πℏaABNA|ψA(r , z)|2

]
ψB(r , z) = i ∂

ωA,r∂t
ψB(r , z)

(25b)

Setting ℏ
2mAωA,r

:= l2, then the coupled equations will be dimensionless. I

list these dimensionless variables: l−1r = r̄ , z−1z = z̄ , l−1ai = āi ,
l−1aij = āij , ω1,r t = t̄, l3/2ψ(r , z) = ψ̄(r̄ , z̄).
Defining the dimensionless coefficents: k1 =

mA
mB

, k2 =
mB
mA

, k3 = k1āB ,

k4 = āAB(k1 + 1), κ1 = 1, λ1 =
ω2
A,z

ω2
A,r

, κ2 =
ω2
B,r

ω2
A,r

, λ2 =
ω2
B,z

ω2
A,r

, GA = 8πāA,

GAB = 8πk4, GB = 8πk3. And then we can get the coupled dimensionless
GP equations.
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Remove dimension of coupled GP equations

[
∇̄2

A + 1
4(κ1r̄

2 + λ1z̄
2) + NAGA|ψ̄A(r̄ , z̄)|2 + NBGAB |ψ̄B(r̄ , z̄)|2

]
ψ̄A(r̄ , z̄) = i ∂∂ t̄ ψ̄A(r̄ , z̄)

(26a)[
k1∇̄2

B + 1
4k2(κ2r̄

2 + λ2z̄
2) + NBGB |ψ̄B(r̄ , z̄)|2 + NAGAB |ψ̄A(r̄ , z̄)|2

]
ψB(r , z) = i ∂∂ t̄ ψ̄B(r̄ , z̄)

(26b)

with the normalization conditions:

2π

∫ ∞

−∞
r̄ |ψ̄A(r̄ , z̄)|2dr̄dz̄ (27a)

2π

∫ ∞

−∞
r̄ |ψ̄B(r̄ , z̄)|2dr̄dz̄ (27b)

Now we can ”Crank-Nicolson” method to find the time evolution of the
coupling GP equation, we also can use the imaginary time algorithm to
find the ground state.
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Real-time propagation of GP equationsI

Hamiltonian From (26a), we can split the Hamiltonian to two part:
Ĥ = T̂ + V̂tot , where Vtot = Vext + Vnon, and the commutation relation

:
[
T̂ , V̂tot

]
̸= 0. The time evolution operation Û(t + δt, t):

Û(t + δt, t) = e−i
∫ t+δt
t (T̂+V̂tot(t′))dt′ (28)

A better way to do the approximation is:

Û(t + δt, t) = e−
it
2
T̂ e−i

∫ t+δt
t V̂tot(t′)dt′e−

it
2
T̂ eO(δt′3) (29a)∫ t+δt

t
V̂tot(t

′)dt ′ = V̂ (t + δt/2)δt + O(δt3) (29b)

It can be proven by the BCH formula. For the simplest case, We can treat
the time evolution operator by the Zassenhaus formula, it also works well
under small δt:

e−iδt(T̂+V̂tot) = e−iδtT̂ e−iδtV̂tot������
e

−δt2

2 [T̂ ,V̂tot]... (30)
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Real-time propagation of GP equations I

Dividing Ĥα of (26a) and (26b) into two part: T̂α + V̂α, α = A,B:

V̂A =
1

4
(κ1r̄

2 + λ1z̄
2) + NAGA|ψ̄A(r̄ , z̄)|2 + NBGAB |ψ̄B(r̄ , z̄)|2 (31a)

T̂A = ∇̄2
A (31b)

V̂B =
1

4
k2(κ2r̄

2 + λ2z̄
2) + NBGB |ψ̄B(r̄ , z̄)|2 + NAGAB |ψ̄A(r̄ , z̄)|2 (31c)

T̂B = k1∇̄2
B (31d)

We apply the (30) on the wave function ψ̄α(t̄ = 0):

ψ̄α(δt̄) = e−iδtT̂α

[
e−iδtV̂αψ̄α(t̄ = 0)

]
(32)

Definding
[
e−iδtV̂αψ̄α(t̄ = 0)

]
= ψ̄α(δt̄/2), here, the ψ̄α(δt̄/2) is a

abitrary solution not ψ̄α(t̄ = δt̄/2) in physical meanning.
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Real-time propagation of GP equations II

Expanding the right-hand size of exponent of (32) and decreasing the time
and space.

ψ̄α(δt̄)− ψ̄α(δt̄/2)

−iδt
=

1

2
T̂α(ψ̄α(δt̄) + ψ̄α(δt̄/2)) (33)

Finally, we have the formal solution:

ψ̄α(δt̄) =
1− i T̂αδt̄/2

1 + i T̂αδt̄/2
ψ̄α(δt̄/2) (34)

I write the pseudocode for the process of the program:

1.
[
e−iδtV̂Aψ̄A(t̄ = 0)

]
= ψ̄A(δt̄/2),

[
e−iδtV̂B ψ̄B(t̄ = 0)

]
= ψ̄B(δt̄/2)

2. ψ̄A(δt̄) =
1−i T̂Aδt̄/2

1+i T̂Aδt̄/2
ψ̄A(δt̄/2), ψ̄B(δt̄) =

1−i T̂Bδt̄/2

1+i T̂Bδt̄/2
ψ̄B(δt̄/2)

3. Doing iteration, we replaced the ψ̄A(δt̄/2) with ψ̄A(δt̄), and
ψ̄B(δt̄/2) with ψ̄B(δt̄).

4. repeat steps 1,2,3.
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Imaginary-time propagation of GP equations I

Use the imaginary time method to find the ground state. we give a trial
wavefunction: ψ(t = 0):

ψ(δt) ≈
∞∑
i=1

ci ,t=0e
−iδtĤϕi (t = 0) (35)

where ϕi is the eigenstate of Ĥ, i = 1 is ground state, i = 2 is the first
excited state. we set the iδt to δτ . As the imaginary time evolves, the
ground state will be dominant.

ψ(τ) ≈
∞∑
i=1

ci ,t=0e
−τEiϕi (t = 0) ≈ ci ,t=0ϕ0(t = 0), τ → ∞ (36)
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