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Diluted Bose gas |

In the GP equation, it describes

diluted bose gas, Let us recap the

definition of diluted gas.

@ weak interaction between the

atoms.

@ the thermal wavelength is larger
than the effective interaction

distance.

~ 1frt?

scattering states

potential V(r)

© the density of the atom is low.

Because the thermal wavelength

is

larger than the interaction distance,

we consider the two bodies
interaction as low energy scatter,
then using the S wave theory in

quantum scattering to describe the

properties diluted gas system.
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Diluted Bose gas Il

O At temperatures > T, (top),
the separation d between
particles is much greater than \ - " '\:,
their size and atoms can be

treated as point particles. §> i‘%}”/n é %
VN~

@ As the sample is cooled
(middle), the wave nature of the 12 N>
particles becomes more VL %
apparent. At T = T,

© and a condensate forms
(bottom).
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Low energy scatter theory

Let us consider a two-body system with interaction, we use the center of
mass and relative coordinate to describe the Hamiltonian:

. BB 2y B
O — vV 2y — Hem rel VI(lr 3
g e VIR - B = et D V() (9
where By, 7 (o = 1,2) are momentum and position on the lab frame.
M = my + my is total mass, m, = m’Ter,f;Q is reduced mass. pg, fre/

(8 = cm, rel) is momentum and position in central or relative coordinate.
After coordinate transform, the stationary equation is

:‘:I\II(F’C,,,7 Ire) = EW(rem, 3) we can do the separation variables on
V(7em, Fret) = &(Fem)(Frer). Hence, we treat the two-body problems to
simplify to a single particle on the potential problem. where

E=Eel+ Ecm.

[ me T V(|fre/|)} U(Fret) = Erepth(Frer) (42)
[gcﬂﬂ ¢(Fem) = Ecm®(Tem) (4b)
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Partial wave in low energy scatter theory |

Vi(r)
I I io4
Va
win % Yin + Psc
w . {7
b T @
S
@ we reduce the scatterin Figure: scattering process. In region
g g g g
amplitude to a single number [(incident region), we set the matter
with the scattering length: wave like a plane wave, it is described by
lim - f(/: F)=—a Yin = €'P7. In region ll(scattering
k=0 727 ' region), two-particle is scattering, and
Q@ In Region Il, we use the the scattering wave (spherlcal wave) is
spherical harmonic (I=0, s given by s = F(K, F) 222 In region Il
wave) function expand wave (after scattering), it is a superposition of

function: ¢r~ Yy oR(F), where the v, + ).
R(N =u/(r/r

Qiancan-Chen (NTHU) Two species BEC September 27, 2024




Partial wave in low energy scatter theory |l

The radius part is given by

[;; s 2'"*;1‘2/(”] u(r) = 0 (5)

In the following, we are solving the equation for the two kind of potentials
to approach further insight into the Lennard-Jones potential. The only
constraint is that the ux(r) must be vanished on r — 0 because of

VLJ(r — 0) — OQ.

(6)

Vo >0, r<b, -V <0, r<b,
Vbarrier(x) = { We//(x) = {

0, r>b. 0, "r>b:
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Solving partial wave |

@ r>bk—0: 0%u(r) =0, then
u(r) = x(r — a) in the barrier
potential.

@ r<bk—0:0%u(r)=r?u(r),
where k2 = 2mVy/h? then
u(r) = Esinh(kr) in the barrier
potential. we take the odd
function because of
ug(r — 0) — 0.

© Makes the wave function
smoothly at the connection
point. it means
u(k =r)=u(r=b,) and
u(r=b))=u(r=>b,). This
condition leads to
a= b —tanh(kb)/k.
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@ r>bk—0: 0%u(r)=0, then

u(r) = x(r — a) in the well
potential.

r<bk—0:

02u(r) = —k2u(r), where

k2 =2mVy/h? then

u(r) = &sin(kr) in the well
potential. we take the odd
function because of

ug(r —0) — 0.

Makes the wave function
smoothly at the connection:point.
it means u(k = r;) = u(r = b,)
and u'(r = by) = u!(r=b;). This
condition lead to

a= b —tan(kb)/k.
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Solving partial wave Il

Vi(r)

W

b r r

Figure: Repulsive potential lead to the
positive value of the scattering length a. A
We can see that the small potential
depth k, a tends to zero. i.g: if Vj is
zero, then two-particle is not interaction
so a must be zero.

Figure: Attractive potential makes the
negative value of scattering length a.
The a is smaller than 0 in this case.
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Solving partial wave Il

br: 10

Figure: Evolution of the
scattering length a of a repulsive
barrier potential as a function of
the depth x by fixing b. In this
case, the scattering length is an
increasing function.
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Figure: Evolution of the scattering length a of an
attractive barrier potential as a function of the
depth x by fixing b. There is some interesting
points that we figure out. One is bk = /2, the
a goes through a resonance such that the value
of a from —oo to oo, the other is each point of
bk = (n+ 1/2)m, a new bound state will. be
added in the square well. Now we know a can be
positive (repulsive) and negative(attractive) in
attractive potential, depending on the how depth
of the attractive potential.
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Pseudo potential |

In BEC problem, we don't need to deal with the L-J potential because the
L-J potential can give the crystal structure, there is no crystal structure in
the BEC system, the better way is that use a pseudo potential to
approximate the L-J potential to avoid the crystal structure. We construct
the pseudo potential V(r) with the same scattering length a as the L-J
potential V;_ (r). We deal with the scattering problem so we ignore the
bound state part in the V| _(r). In the repulsive barrier potential, we
have the scattering solution at region r € (b, 00):

u(r) = x(r —a) = R(r) = x(1 - a/r) (7)

We hope the pseudo potential exist the property V,(r) = pd(r) because of
Vi—4(r — 0) = oo, where p is function of scattering length a. How do we
find the radius part of wave function exact form? we use the following
trick:
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Pseudo potential Il

oru(r) = 0,(rR(r)) =x, V3(1/r) = —4xd(r) (8)
We plug (7) of R(r) in the Schrodinger equation of radius part:

V2R(r) = 4raxd(r) = 4mad(r)0,(rR(r)) 9)

We count the left of (9) the result is V2R(r) = u”(r)/r and right part
47ad(r)o,u(r), then the (9) can be rewritten as:

u"(r) — 4mward(r)o,u(r) =0 (10)
Using the ro,u(r) = rx ~ (0rr)u, = x(r — a), where r € (b, +00),b > a

[83 — 4mad(r)] u(r) =0 (11)

Compare (11) with (5) at k — 0, we have V,(r) = 4nl2a 5 ).

2my,
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Meanfield Theory |

We defined the single particle state ¢y, (r;) with the normalization
condition: [ ](bk,.(F,f)|2 d3r; = 1, we use the Hatree Fork approximation to
describe the BEC system with the Hamiltonian:

N ﬁQ N
- Zl m V(7)) + U ;a(r,- —F) (12)
1= 1<J

where Uy = 4“ﬁ 2 obviously, we need create a many-body ground wave

function by the tensor product state with single body wave function.
V(7 ... 1) = ML 6(F) (13)

The many-body wave function also respect to the normalization
condition: | [W(A, ...7\n)|[?dA...dfy = N. We assume that the ground
state wave function can be replaced by

V(i 7...7w) = VNI, 6(7) = VNG(R).
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Meanfield Theory Il

L. %
E=NY- N [ o) [ 2+ v o)
i=1 !

+ N2 Upnh, XN://(P(P (7o) 8" (Fn)8(F — 7Y (7n) (7
ollp=11m=1 Ind>rmd™ (F) ™ (Fm) O (F; O)¢(’n)¢(fm)
i<j

wron | P
— Nﬂyzl/d3rq¢ (73)

QTL + V(Fq)} )

1 N N .
SUED ) DU L / / B a3 1 (72) 6" (Fn)(7 — )72 B(7n)
i#j j#i
P (14)
=N [ () [+ V(Fq)} o)

2mqg

LN [ [ (7))o )70l

2
=Ny [ () | i+ V(a)} 87 + SN, [ P (7)6 ()OI

2
= [ e [ (VGO + VR R + SN )T |

= /v/ &R {% [w(ﬁ)r +V(R) [qs(f?)r + %NUQ [¢>(§)} 4]
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Meanfield Theory Il

In last two equations of (14), the ¢(ry) = ¢(r) because the position rg, r,
is dummy variables in the meanfield approximation, we can remove the
subscripts g.

Once we have the Engergy function, doing the Variation method on this
functional to find the equation of motion. This method also called
minimizing energy functional, it satisfy the equilibrium state in
theomodynamics. | give a time-independent case with the constraint :

J *R|o(A)|

=1, then the total functional:

2
(15)

X(¢7,6) = E(6",9) —mv/d3R 9(R)

where p is Lagrangian multiplier(chemical potential). we treat X =0
with two independent variables ¢ and ¢*.
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Gross—Pitaevskii equation |

For the convenience of calculation, we replace [f—; + V(ﬁ)} to Hs Now
we find the 6.X:

OX = N [ &R (36" (Hs — 1) + 6" (Hs — 136 + NUp(I6 ] 936 + |67 609)) = 0

(16)
Then we have complex conjugate equations of motion:

2 > —
[ 2h V? + V(R) 4+ NUg |¢(7)] ]qb(R) o(R) (17a)

& (R) [—fmw VIR U oA | =o' (R (a7b)
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Gross—Pitaevskii equation Il

Let us consider the time-dependent ¢(R, t), We know the schrodinger
equation of many body system as:

/haatlli(rl, Pty t) = HY(A, ... 7N, t) (18)
Then, we construct the Lagrangian density functional as:
L= xu*(ih2 — Ayv~ (19)
B ot
The full form of Lagrangian density is :
0
L= (b~ Hs — N 6)6" (20)
This Lagrangian density lead to equation of motion is given by
0 h2 5 =
ihsed = | =5 V24 V(7) + NUo ‘gi) ‘ &(R) (21)
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Gross—Pitaevskii equation Il

Now, we need to deal with the two species (A and B) coupled GP
equations, We can write down total Hamiltonian intuitively.

R Na ﬁgA Na
A=Y 24 Va(fia)+Ua Y 6(Fia—Fa)

= 2mi i<j (22)
Ng /523 Ng Na,Ng
+22' + Va(fig) + Us Y 0(Fis —Fig) + Uas Y 6(Fia— Fis)
k=1 <Mk.B k<l i<k

where U, = dnllan o — A, B, AB. We just do the variational method on

2mya ’
L2
the Hamiltonian (22) with two constraints: [ (Ra)| =1 where

a = A, B. then we have coupled GP equations:

_ R
2mp

{ 3mg VB T VB(ﬁ)+NBUB‘¢B(§)’2+NAUAB‘¢A(§)‘2] o8(R) = ngos(R) (23b)

A+ VaGR) + NaUa [oa(R)[* + N Uas 06(7) | 0a(7) = maia R~ (232)
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Two species GP equation

For two spices coupled GP equation in cylindrical coordinate:

2 .
[ZZ;VE\ + 3ma(Wi P+ 3,70 + WW)A(EZ)\Z + Datieonh’aas Nelvs(r, Z)|2] ba(r,2) = ihfpia(r, 2)
(24a)
2 .y
[gl',jsvé +imp(w} 2 +w} 7%) + e g (r, 2) 2 + %ZWHZBABNAWAU:Z)F] ¥(r,2) = ihfs(r, 2)
(24b)

We need to find the ground state of these coupled differential equations.
Let us remove the unit(dimension) first. For detail, | will show it step by
step.

@ Remove the energy dimension by divided by fuwwa , in (24a) and (24b)
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Two species GP equation

For two spices coupled GP equation in cylindrical coordinate:

2 2 .
[ZZ,AVE\ + 3ma(Wi P+ 3,70 + %W)A(hz)\z + Datieonh’aas Nelvs(r, Z)|2] ba(r,2) = ihfpia(r, 2)
(24a)
2 2 i
[QLBVE +imp(w} 2 +w} 7%) + e g (r, 2) 2 + %ZWHZBABNAWAU:Z)F] ¥(r,2) = ihfs(r, 2)
(24b)

We need to find the ground state of these coupled differential equations.
Let us remove the unit(dimension) first. For detail, | will show it step by
step.

@ Remove the energy dimension by divided by fuwwa , in (24a) and (24b)

h

o 2 . &
Tmaony [ to remove dimension:of aj,

@ Setting the unit length :
ag, aag and ©;
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Two species GP equation

For two spices coupled GP equation in cylindrical coordinate:

2 2 .
VA + 3ma(wd r2 4w} ,72) + 2Ny o (1, 2)|2 4 PAETE D725 5 Niglefs (1, z)|2] Va(r, z) = ihgva(r, 2)

[ZmA mamg
(24a)

2 2 L
[J,’,BV% +imp(w} 2 +w} 7%) + e g (r, 2) 2 + 'T:,f:m'T;BZWszaABNAWA(hZ)F] ¥(r,2) = ihfs(r, 2)

(24b)

We need to find the ground state of these coupled differential equations.
Let us remove the unit(dimension) first. For detail, | will show it step by
step.

@ Remove the energy dimension by divided by fuwwa , in (24a) and (24b)

h

o 2 . &
Tmaony [ to remove dimension:of aj,

@ Setting the unit length :
ag, aag and v;

@ define the dimensionless constants «;, Aj, G; and G;; to get'the
dimensionless coupled equations of (24a) and (24b).
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ove dimension of coupled GP equations

|:2mAwA Va+ gma(*3er +hﬁz 2%) + FIANA (1, 2) P + SPamedmhaas Ne[vs (7, Z)‘Z] Yalr,2) = igZ5pvalr, 2)
(25a)
[Qm;;":wA_,V% + %'"B(;WA 24 g 22) + ianlle |y (r, 2)|? + SRAEE-Onhang Nalya(r, Z)IZ} ve(r,2) = ig2me(r,2)
(25b)

Settlng ﬁ

_]_Z —

list these dimensionless variables: [~1r = F, z
I~ 1a,J = 3j, wi,t =1, /3/21/J(r z) = (r z).

Defining the dimensionless coefficents: k3 = M, ko

mp
ks = 3ag(ki + 1), k1 =1, >\1— wA -, A2

Gag = 8mks, Gg = 8mwks. And then we can get the
GP equations.

/@2—

Qiancan-Chen (NTHU) Two species BEC

:= I, then the coupled equations will be dimensionless. |

Z, /_13,' = 3,

= 18, ks = ki3,
2
w
= Bz GA —87raA,
Ar

coupled dimensionless
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Remove dimension of coupled GP equations

[Va+ 5(517 + M 2%) + NaGalda(F, 2)? + Np Gaglvs(F, 2)]*] Da(F, 2) = i50a(F, 2)
(26a)
[klﬁzB + %kz(K,zFZ + )\222) + NBGB|QZB(F7 Z)‘z + NAGAB|7/;A(F7 Z)| } ’d)B(r Z) I%TZB(F, 2)
26b)

with the normalization conditions:

2m /Oo FlYa(F, 2)|°dFdz (27a)
2m /oo Flvs(F, 2)|?dFdz (27b)

Now we can " Crank-Nicolson” method to find the time evolution of the
coupling GP equation, we also can use the imaginary time algorithm to
find the ground state.
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Real-time propagation of GP equationsl

Hamiltonian From (26a), we can split the Hamiltonian to two part:
A=T4+ Vtot, where Viot = Vext + Vhon, and the commutation relation
.[T, Vtot} # 0. The time evolution operation U(t +dt, t):

U(t+5t t) — e tt+6t(T+\A/tot(t'))dt’ (28)
A better way to do the approximation is:
O(t + ot t) = o 5T =i [IT Vi (t)dt! o= 5 T ,0(5¢7) (29a)
t+6t R
/ Vwoe(¢)dt' = V(t + 5t/2)5t + 083 (29b)
t

It can be proven by the BCH formula. For the simplest case, We can treat
the time evolution operator by the Zassenhaus formula, it also works well

under small dt:
A ~ ' \/ 2 7
e 10t(T+Vior) _ o—ibtT 4—idtVior == t‘”]... (30)
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Real-time propagation of GP equations |

A

Dividing H,, of (26a) and (26b) into two part: T, + V,,a = A, B:

~ 1, ) - -
Va = ~ (k17 + M\122) + NaGala(F, 2)]? + Np Gag|vs(F, 2)|2

. (312)
Ta=V% (31b)
Vs = sha(aP + 0o2) + No Gl s(F. 2) + NaGas|Ta(7, 2P (310)
Ts = kiV% (31d)

We apply the (30) on the wave function 1, (f = 0):

Ba(07) = e T [0V (7 = 0)] (32)

Definding [e*"‘”‘A/az/_)a(f - 0)] = 0 (0T/2), here, the Do (67/2) is a
5

abitrary solution not 1, (f = 6%/2) in physical meanning.
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Real-time propagation of GP equations ||

Expanding the right-hand size of exponent of (32) and decreasing the time
and space.

Vo (0F) :i;/?:(éfﬁ) _ %f—a(@a((ﬁ) + Yo (0t/2)) (33)

Finally, we have the formal solution:

iT,0t/2

Va(dt) = mﬂ@( t/2) (34)

| write the pseudocode for the process of the program:
o 1. | tVaga(E = 0)] = Pa(3/2), [ tVedp(E = 0)| = P(07/2)
n - iTad iTgd
° 2. Pa(SF) = % A(0F/2), ¥g(st) = %Béjg 5(6F/2)
o 3. Doing iteration, we replaced the Pa(6t/2) with ¥ 4(dt), and
Yp(dt/2) with ¢g(dt).
@ 4. repeat steps 1,2,3.
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Imaginary-time propagation of GP equations |

Use the imaginary time method to find the ground state. we give a trial
wavefunction: ¢ (t = 0):

Y(6t) = Y ciemoe PHgi(t = 0) (35)
i=1

where ¢; is the eigenstate of Hi=1is ground state, i = 2 is the first
excited state. we set the idt to 67. As the imaginary time evolves, the
ground state will be dominant.

(T) =D cie—oe TEGi(t =0) & cir—odo(t =0), T o0 . (36)
i=1
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